Abstract: We study the thermodynamics and non-relativistic hydrodynamics of the holographic fluid on a finite cutoff surface in the Gauss-Bonnet gravity. It is shown that the isentropic flow of the fluid is equivalent to a radial component of gravitational field equations. We use the non-relativistic fluid expansion method to study the Einstein-Maxwell-dilaton system with a negative cosmological constant, and obtain the holographic incompressible forced Navier-Stokes equations of the dual fluid at AdS boundary and at a finite cutoff surface, respectively. The concrete forms of external forces are given. *
Introduction
Recently, it was shown that the nonlinear evolution of anti-de Sitter (AdS) space might be unstable, and the energy of perturbations would be transformed to smaller and smaller scales like the turbulence energy cascades [1, 2] , and it is interesting to establish the holographic turbulence using the AdS/CFT correspondence [3, 4] . For example, in [5, 6, 7, 8, 9] , the problems of turbulence have been studied via a holographic description with gravity. Especially, using the fluid/gravity correspondence [10, 11] , it was suggested that the problem of Naiver-Stokes (NS) turbulence might be mapped to a problem in general relativity [12, 13] , with different scales appearing in turbulent phenomena corresponding to different radii in the dual geometry [14] . Thus, with the holographic Wilsonian renormalization group (RG) approach [15, 16, 17] , it is also interesting to study the holographic hydrodynamics at a finite cutoff surface directly [14, 18, 19, 20] .
It was proposed in [21] that there is a mathematically precise relationship between the unforced incompressible NS equations in p + 1 dimensions and vacuum Einstein equations in p+2 dimensions and their solutions. The dual geometry has an intrinsically flat timelike cutoff surface whose extrinsic curvature is identified as the stress energy tensor of the dual fluid. This relationship has been further developed in the literature such as [22, 23, 24, 25, 26, 27] . In [21] , a gravitational shock wave was introduced to stir the fluid and then left to evolve according to the unforced NS equations. In order to study the stationary NS turbulence, it is better to introduce the external random source fields [7, 28] . For example, a dilaton field was added to the bulk gravity in [12] . In this case, a perturbed gravity solution with a slowly varying dilaton leads to a slowly varying force term in NS equations. Another example is [13] , where the force terms come from the slow variation of the boundary background in the holographic context. It turns out that a simple forced steady state shear solution to the forced NS equations becomes unstable and may translate into turbulence at high enough Reynolds number.
In the fluid/gravity correspondence, the derivative expansion method [10] leads to the equations of motion of relativistic fluid, and the equations reduce to the NS equations in the non-relativistic limit [13, 29] . Actually, the NS equations can also be obtained via taking the non-relativistic expansion method directly [21, 22] . This method can be used not only for dual fluid at the AdS boundary, but also at a finite cutoff surface with flat induced metric [18] . In the latter case, the bulk geometry is not required to be asymptotically AdS. While in the asymptotically AdS case, the perturbed gravity solutions with Dirichlet condition at the cutoff surface can be mapped to the perturbed gravity solutions without the cutoff surface [30, 31] . To study the holographic fluid with external forces in non-relativistic limit, instead of using the induced metric perturbations method proposed in [13, 31] , we keep the induced metric flat and add external matter fields in the bulk as the source terms to the dual fluids.
It was shown in [14] that the radial component of Einstein equations is equivalent to the isentropy equation of the dual fluid. Using a more generic static metric, we show that this statement is also true in the Gauss-Bonnet gravity. Using the nonrelativistic expansion method, we give the procedure to obtain the perturbed solutions of the bulk gravity with a finite cutoff surface up to the second order of non-relativistic expansion parameter, and corresponding NS equations of the dual fluid at the cutoff surface. It turns out that the shear viscosity over the entropy density of the fluid dual to the Gauss-Bonnet gravity does not run with the cutoff surface. This part acts as the service to introduce the non-relativistic expansion method. In this paper we mainly focus on an Einstein-Maxwell-dilaton system with a negative cosmological constant and pay attention to the external force terms in the dual non-relativistic fluid. The external force terms come from the Maxwell field and dilaton field in the system. Note that the forced fluids at the AdS boundary have been discussed in the Einstein-dilaton system [12] and Einstein-Maxwell system [32, 33, 34] , respectively. The perturbed solutions have been obtained to the second order of the derivative expansion. We consider the Einstein-Maxwell-dilaton system and obtain the perturbed solutions up to the second order of the non-relativistic expansion with/without the cutoff surface. Associated forced NS equations are also derived in both cases. The concrete expressions of external forces of the dual fluid are given. The results show that the Reynolds number of the dual fluid becomes larger and larger when the cutoff surface approaches the horizon of the background black branes. This paper is organized as follows. In Sec.2, we start with a generic static black brane metric and obtain the perturbed solutions with a finite cutoff surface in the Gauss-Bonnet gravity by using the non-relativistic expansion method. This section acts as to fix the notations in this paper and to introduce the non-relativistic expansion method. In Sec.3, we consider the Einstein-Maxwell-dilaton system with a negative cosmological constant and discuss the dynamics of dual fluid on the AdS boundary in non-relativistic limit. We generalize the discussions to the case with a finite cutoff surface in Sec.4. The conclusions are given in Sec.5.
Holographic fluid at a finite cutoff surface
This section is a generalization of discussions in [18] on the thermodynamics and hydrodynamics of dual fluid at a finite cutoff surface. Slight differently, we start with a more general static metric and work in the intrinsic coordinates on the cutoff surface directly.
Thermodynamics of the dual fluid at the cutoff surface
To study the fluid in a (p + 1)-dimensional flat spacetime, we consider the generic (p + 2)-dimensional static black brane background
where the metric components are functions of radial coordinate r only. We assume the metric has a well defined event horizon at r = r h , where g tt (r) has a first order zero g tt (r h ) = 0, and g rr (r) has a first order pole g −1 rr (r h ) = 0 [15] . For example, the ingoingRindler form of flat spacetime and the black p-brane solutions in asymptotically AdS spacetime have the form [14] . Using the Eddington-Finklestein coordinate τ defined by dτ = dt + g rr (r)/g tt (r)dr [15] , we can rewrite the metric (2.1) as
which has the translational invariance in τ and x i directions. We can always introduce a finite cutoff surface Σ c at r = r c outside the horizon with the intrinsic coordinates, x a ∼ (τ ,x i ), as
Then the associated bulk metric (2.2) becomes
where γ ab (r) and N (r) are given by
And the induced metric with intrinsic coordinates on Σ c is simply given as
The Brown-York stress energy tensorT BY ab evaluated on the cutoff hypersurface Σ c is proposed as the stress energy tensor of the dual fluid [21] . It has a close relation with the extrinsic curvature tensorK ab = 1 2 LÑ γ ab (r)| r=rc of Σ c , where LÑ is the Lie derivative along the unit normalÑ A of the hypersurface. To study the thermodynamic properties of the dual fluid at the cutoff surface, we begin with the re-scaled metric (2.4) with a Killing horizon located at r = r h . The local temperatureT 0 (r c ) on Σ c , which is identified as the temperature of dual fluid [14] , meets the Tolman relation with Hawking temperature T H of the black brane metric (2.2)
To discuss the local entropy density of the dual fluid, we consider a quotient of the general geometry (2.2) under shift of x i [14] , x i ∼ x i + ℓ 0 n i , with a characteristic length ℓ 0 and n i ∈ Z. Equivalently, using metric (2.4), the spatial R p on Σ c turns out to be a p-tours T p with r c -dependent volume
As the total Bekenstein-Hawking entropy S is fixed, we can identify the dual fluid's entropy density as
where S is the Bekenstein-Hawking entropy of the black brane.
As a calculation example, we consider the Einstein-Hilbert action with a nonpositive cosmological constant Λ ≤ 0, as well as the Gauss-Bonnet term L GB = R 2 − 4R AB R AB + R ABCD R ABCD , and the contribution from matters L M , 10) where α is the Gauss-Bonnet coefficient with the same dimension as square of length. The Gauss-Bonnet term is a topological invariant when p = 2, and will modify Einstein gravitational field equations when p ≥ 3 [35, 36] . We will generally demand p ≥ 2 and set 16πG p+2 = 1 throughout this paper 1 . Varying the action (2.10) with respect to the induced metric γ ab with appropriate surface terms [37, 38, 39, 40] , we can get the Brown-York stress energy tensorT BY ab evaluated on the cutoff hypersurface Σ c of the Gauss-Bonnet gravity. Because of the flatness of the cutoff surface, its final form is given by [18] 12) whereK is the trace of extrinsic curvature tensorK ab of Σ c , andC is an ambiguous constant. Substituting the metric (2.4) in the Brown-York stress tensor (2.11), we can get the stress tensor of the holographic fluid dual to the Gauss-Bonnet gravity as 13) with constant pressurep G (r c ) + 2C and energy densityρ G (r c ) − 2C, wherẽ
.
The sumω G (r c ) is independent of the constantC. The Gauss-Bonnet term corrections, compared to Einstein gravity with λ G = (p − 1)(p − 2)α, are given bỹ
1 Most of the results in this paper have been checked by Mathematica up to p = 5.
Using the above results, in general we have the thermodynamic relatioñ 
This isentropic equation ∂ rc S = 0 can be considered as either an adiabatic thermodynamic process of the dual fluid or a holographic renormalization group flow [14] . Varying the action (2.10) with respect to metricg AB , we can obtain the equations of motion for the Gauss-Bonnet gravity in the re-scaled p+2-dimensional bulk coordinates
with the definitions 19) whereT AB (r) is the stress energy tensor of bulk matters. If we assume the metric (2.4) solves equations (2.18), the non-zero components of the stress energy tensor arẽ T rr (r),Tττ (r),Txx(r) ≡Txixi(r), andTτ r (r) =T rτ (r) = N (r)Tττ (r), respectively. Following the procedure in [14] and using metric (2.4), we can introduce an arbitrary null vectorζ tangent to the hypersurface r = r c with time component ∂τ , such as 20) withÑ the unit normal of the cutoff surface. It could be checked that
In general, theΩ 0 (r c ) term would satisfy the following relation
Using (2.17),(2.18) and the above two equations, we have
Aζ BW AB (r c ).
As g rr (r c )g tt (r c ), V p (r c ) and T H have neither zero nor pole even when r c = r h , we arrive at
which implies the equivalence between the isentropy of the RG flow and a radial gravitational field equation of the Gauss-Bonnet gravity.
Incompressible Navier-Stokes equations from gravity
Keeping the intrinsic metric (2.6) of Σ c flat, we can take two linear diffeomorphisms based on metric (2.4): a transformation of the radial r and a Lorentz boost in (τ ,x i ) coordinates. The first is the transformation of r and the associated re-scaling of (τ ,x i ) as 25) where k(r) is a linear function of r, whose form would be chosen via the global symmetry of geometry (2.4). The metric (2.4) is then transformed into
where we have introduced the re-scaled coordinater ≡ k(r) and the notationr c ≡ k(r c ).
We will work in the (r,x a ) coordinates directly in this paper. The other diffeomorphism is the Lorentz boost with a constant boost parameter
where we also have defined the (p + 1)-velocitỹ
As these parameters are all constants, the associated transformations can be expressed as 29) with the projection operatorP ab ≡η ab +ũ aũb = δ ij n i a n j b . Then the metric (2.26) becomes
where we have used the ADM-like decomposition at the constantr surface,
After the two diffeomorphisms, the metric (2.4) and (2.30) still solve the same gravity field equations. The cutoff surface r = r c is equivalent tor =r c , we will firstly work with the new radial variabler , and then transform back to r via r = k −1 (r). In general, the Brown-York stress energy tensor on the cutoff surface r = r c corresponding to metric (2.30) will turn out to be taken the following form
which could be identified as the stress tensor of an ideal relativistic fluidT (ideal) ab with (p + 1)-velocityũ a in flat space-time. In the Gauss-Bonnet gravity case (2.11), the cutoff dependent energy densityρ(r c ) ≡ρ G (r c ) − 2C and pressurep(r c ) ≡p G (r c ) + 2C. In general hereC is an unfixed constant, but to obtain a finite result when the cutoff surface goes to the AdS boundary,C can be fixed [18] .
Let us pause to recall the hydrodynamical description of microscopic field dynamics in flat spacetime. It applies when the correlation length of the fluid l cor is much smaller than the characteristic scale L of variations of the macroscopic fields [41] . Via dimensional analysis, l cor ∼ 1/T c and 1/L ∼ ∂xa, where T c is the characteristic temperature of the fluid and ∂xa would act as the coordinates dependent parameters, such as T (x) andũ a (x) 3 . One introduces the dimensionless Knudsen number Kn ≡ l cor /L ∼ 1 T∂ a ∼ ǫ ≪ 1 to expand the stress energy tensor of relativistic fluid in flat backgroundη ab ,
To take the non-relativistic limit as in [41] , we recover the speed of light c in (2.33) and introduce the normalized pressure P (x) as
When c → ∞, the energy momentum conservation equations of the ideal fluid,∂
aT (0) ab (x) = 0, leads to the non-relativistic incompressible Euler's equations,
Instead of the c → ∞ limit, if we assume the small velocity parameter to take the same limit as the Knudsen number, i.e. β/c ∼ Kn ∼ ǫ, it would be equivalent to set c = 1 in (2.34) with the following scalings
These non-relativistic scalings are named as the BMW limit [13, 31] . To obtain the forced NS equations, the dissipative part of the stress energy tensor (2.33) is required
For example, in the Landau frameũ a (x)T diss ab (x) = 0, the first order dissipative components could be written as 38) whereη(x) is the kinetic shear viscosity andζ(x) is the bulk viscosity which will vanish for conformal fluids. Usually, they behave the same as local temperatureT (x) in (2.34). The first order dissipative hydrodynamics satisfies the dynamical equations∂
ab (x)] =f b (x) if some external source term appears. In the non-relativistic limit (2.36), if we further assumef i (x) ∼ ǫ 3 ,fτ (x) ∼ ǫ 4 , it would lead to the non-relativistic forced incompressible NS equations at order ǫ 3 ,
whereν(x) = η(x)/ω(x) is the dynamical shear viscosity andf
. The NS equations have the scaling symmetry (2.36), as shown in [13, 21] .
Next we will derive the incompressible NS equations from the gravity side. To get the dissipative part of the dual fluids, we need to perturb the geometry (2.30) by using either the linear response method (eg. [15] ) or the perturbative expansion method developed in [10] , where a perturbative procedure to solve Einstein's equations order by order in the boundary derivative expansion was proposed. In the case with a finite cutoff surface, we also can employ the procedure under the non-relativistic limit [22, 18] .
Regarding the transformation parameters in linear functionr = k(r) and the p-velocity β i in the boost transformation as functions of the hypersurface coordinates (τ ,x i ), we can solve the gravitational equations order by order in the non-relativistic perturbative expansion. Based on (2.36), these transformation parameters are also regarded as small quantities with appropriate scaling symmetry as
where δk(r) ≡r − r ∼ ǫ 2 would provide the pressure perturbation. Using the formal Taylor expansion such as g tt (r) = g tt (r)+g ′ tt (r)δk(r), and definegτ r (r) = g tt (r)g rr (r)/g tt (r c ), we can consider the metric (2.30) with coordinate dependent parameters as ds 2 (0) , and expand it up to order ǫ 2 ,
where δk(r) and β i (x) and are all functions ofx a now, we will omit this notation (x) henceforth. The coordinates dependent metric (2.41) is no longer a diffeomorphism of metric (2.30) . Under the perturbative expansion, it turns out that (2.41) only solves the same equations of motion of gravity up to ǫ 1 . To solve the equations of motion up to ǫ 2 , some constraint equations and new correction terms to the bulk metric are needed at this order. With the same way, the equations of motion of the system can be solved order by order in the non-relativistic expansion parameter ǫ [22] . And the corresponding Brown-York stress energy tensor which is identified as the dual fluid's stress energy tenor, can also be obtained at the desired order. In this paper we solve the equations of motion up to the order ǫ 2 . It turns out that the non-dissipative part is still given by (2.32) in the non-relativistic limit. Up to ǫ 2 , we havẽ
The equations of motion of the bulk matters should be solved in the same procedure.
Once we get the solutions of both gravity and matters up to order ǫ 2 , the constraint equations of gravity at order ǫ 3 are just the forced incompressible NS equations (2.39) of the dual fluid.
As a calculation example to perturb the geometry (2.30), we again assume the metric solves the equations (2.18) of Gauss-Bonnet gravity with a non-positive cosmology constantΛ. The metric (2.41) leads toW 
whereω 0 (r c ) =ω G (r c ) is nonzero outside the horizon. Thus it leads to the incompressible condition∂ i β i = 0 of the dual fluid at the cutoff surface. To solve gravitational field equations at order ǫ 2 , we need to add corrections to the metric (2.41). It was shown in [10] that due to the spatial SO(p) rotation symmetry of the black brane background, one has the decoupled equations of SO(p) scalar, vector and traceless tensor perturbations. For example, if we turn off the tensor perturbations of the matter stress energy tensorT AB (r), the tensor corrections to the metric, at order ǫ 2 , are
Then the traceless tensor parts of the gravitational field equationsW (ǫ 2 ) ij = 0 lead to a second-order ordinary differential equation
where two integration constants have been fixed and
In (2.46), one integration constant is the upper limit of the integration, which is chosen to be r c via the Dirichlet boundary condition at the cutoff surface. The other integration constant is chosen to be G g (r h ) to cancel out the first order zero in the denominator g tt (r h )/ g rr (r h ) = 0 of the integrand in (2.46), where
, (2.48) and g tt (r h )g rr (r h ) is a finite constant due to our definition. The Hawking temperature T H is given in (2.7), so that Λ α is a constant determined by the metric (2.1) at the horizon.
With the perturbed metric ds ab , where the symmetric traceless components ofT
Hereη(r c ) is defined as the kinetic shear viscosity of fluid dual to the Gauss-Bonnet gravity with the geometry (2.1). Using the entropy density s 0 (r c ) given in (2.9) of the fluid at the cutoff surface, we havẽ
One can see that the shear viscosity over entropy density of dual fluid does not run with the cutoff surface. This match with the results in [15] and [42] , where a hypersurface in the given solution is introduced. Here we impose the Dirichlet boundary conditions [14, 18] and find the corresponding perturbed bulk solutions with a flat induced hypersurface. Using the formula (2.50), one can easily obtain the ratio of shear viscosity over entropy density for some fluid once the dual gravity background is known. Take an example, using the charged AdS Gauss-Bonnet black brane background solutions, one has [19] 
where α is the Gauss-Bonnet coefficient, and ℓ is the radius of AdS spacetime. When ℓ → ∞, the negative cosmological constant Λ = −p(p + 1)/2ℓ 2 → 0, the black brane solution will degenerate into the ingoing Rindler space via some coordinate redefinition [14] , and the Gauss-Bonnet term will not contribute to the shear viscosity any more. This has been shown via using the ingoing Rindler metric of flat spacetime [43] . Here our formula in (2.48) lead to this result directly because g xx (r) = 1 ⇒ Λ α = 0 .
Holographic charged fluid at AdS boundary
It is interesting to give the concrete expressions of some external forces of holographic fluid. For this, let us consider the Einstein-Maxwell action with a dilaton field Φ and appropriate boundary terms and counter terms as follows.
where the negative cosmological constant Λ = −p(p + 1)/2ℓ 2 , the Maxwell field
where {M, N...} run over the bulk coordinates. In what follows, 16πG p+2 = 1 will be adopted. From the action we can get the equations of motion of the Maxwell field and the dilaton field
as well as the gravitational field equations
from which one has
The system has a class of exact solutions with p + 2 parameters as
where {µ, ν, ...} run over the boundary coordinates. This is a charged boosted black brane solution in Eddington-Finkelstein coordinates with a constant dilaton Φ 0 , and a constant unit normalized velocity u µ ,
and η µν u µ u ν = −1. In the metric of the solutions (3.5),
Here the notations in [33] have been used,
where r = r h is the horizon location of the charged black brane solution. The Hawking temperature of the black brane is given by
In the gauge field part, we have chosen the gauge that A r = 0 and
where b 0 µ 0 is the value of the gauge potential at the AdS boundary. Usually b 0 = 1 is required to get a well defined gauge field at the horizon [44, 45] , but this is not necessary in the perturbative fluid/gravity correspondence [32] .
Charged fluid in non-relativistic limit
To perturb the metric (3.5), we take the same procedure via regarding the parameters in the metric and gauge field as functions of boundary coordinates u µ → u µ (x), r h → r h (1 + P (x)). 5 Without loss of generality, we take the associated replacements as m → m (1 + P (x)) p+1 and q → q (1 + P (x)) p to keep M and Q as two constants.
The scalar field is replaced as Φ → φ(x µ ). Then the solutions (3.5) will not solve the equations of motion (3.2) and (3.4) any more. Using the so called BMW limit at the boundary [13, 21] 
where we have added an assumption that ∂ i φ ∼ ǫ 1 , we can solve the equations of motion order by order in the small parameter ǫ [22, 18] . Actually the three parameters (m, q, r h ) relate to each other via V (r h ) = 0, so that two of them are independent parameters, for example, one can take q and r h as two independent parameters. We focus on the forced NS equations in this paper, so δm ∼ δq ∼ δr h ∼ ǫ 2 have been assumed in the non-relativistic limit. In the boundary derivative expansion of the relativistic fluid, the solutions of the Einstein-Dilaton system [12] , and the EinsteinMaxwell system [32, 33] have been obtained up to the second of the derivative expansion parameter. We can extract the relevant terms up to the second order in our nonrelativistic expansion parameter ǫ. To compare with their results, we write our the non-relativistic perturbative solutions up to ǫ 2 in a covariation form,
(3.12)
Although higher order terms such as u τ u i ∼ ǫ 3 are reserved, they would not contribute to the calculation up to order ǫ 2 . In (3.12), P µν (x) = η µν +u µ (x)u ν (x),r = [1 − P (x)] r, and A 
are chosen to meet with the appropriate non-relativistic expansion in [14] , 
where θ = η µν ∂ µ u ν = P µν ∂ µ u ν , for the dilaton shear perturbations 14) and for the dilaton scalar perturbations
We can generalize the dual boundary fluid in [12, 33] to the (p + 1) dimensional case with p ≥ 2, where the stress tensorT µ ν and currentJ µ are given by 16) where N is the outward pointing unit normal of the regulated boundary,D is the covariant derivative associated with the boundary metric h µ ν , and the corresponding Einstein tensorĜ µ ν , as well as the effective counter tensor (Ĝ Φ ) µ ν of the dilaton field [46, 47, 48] . Substituting our solutions (3.12) in (3.16), the Brown-York stress tensor and the induced current at the AdS boundary are given by 17) where n (q) is the induced charge density. Note that here (σ φ ) µν is included in the stress tensor (3.17) . These terms relating to the dilaton field were considered as the dissipative parts of the dual fluids's stress tensor in [12] , or the perturbations in the membrane paradigm [15] . In this paper, however, we focus on the forced NS equations and move them to the right hand side of the constraint equations as additional sources, similar to what has been done for the boundary metric perturbations [13, 31] . Then we can redefine the stress tensor of the dual fluids with first order dissipative term
where η 0 is the holographic shear viscosity of the dual fluid. With the corresponding entropy density s 0 , we have 19) and the thermodynamic relation T H s 0 = ω 0 − n 0 µ 0 still holds. Furthermore, we can redefine the following stress tensor by moving out the terms associated with the boundary chemical potential
This form will be used later.
Forced Navier-Stokes equations
Using Gauss-Codazzi-Mainardi relations near the boundary [12] , we can obtain the constraint equations of gravity
where h AB , N A and K AB are respectively the induced metric, the outward pointing unit normal and the extrinsic curvature of the constant r hypersurface, with the covariant derivative D. When r → ∞, transforming these results into the boundary metric η µν of the dual fluid, we have
Introduce the gauge field tensor F
which comes from the boundary
, the (p + 1) constraint equations up to ǫ 3 become
where
µν , and the constraint equation of Maxwell field reads
Using the redefined stress energy tensor (3.18), we get the forced NS equations at order ǫ 3 , is the external force from the dilaton field up to ǫ
The Lorentz force up to ǫ 3 can also be divided in to two parts as
In addition, we notice that the following relation holds at order ǫ
Thus, if we define the fluid stress energy tensor as (3.20) , with b 0 = 1, we can see that the external forces only come from the dilaton field and the external electromagnetic field. It would be more clear to see the non-relativistic results by neglecting higher order terms of the solutions in the covariant form. The solutions in (3.12) become 28) up to ǫ 2 , where the shear tensors are 29) and
Our aim is to obtain the forced NS equations, which turn out to be the constraint equations of the gravitational field equations (3.4) at order ǫ 3 . The solutions up to ǫ 2 are enough to provide the forced NS equations, because higher order corrections do not make contribution in this order. With the solutions (3.28), the constraint equations at order ǫ 2 give the incompressible condition ω 0 ∂ i v i = 0, and at order ǫ 3 give us with
These equations are just the temporal and spatial components of the equations in (3.24) up to ǫ 3 . Here the external forces only have the spatial components as
and B
(bg) ij = F (bg) ij are the background electric and magnetic fields respectively. Further we define the dynamic viscosity and the normalized forces as
32) the forced incompressible NS equations then become
If we consider the characteristic scale L ∼ ǫ −1 and the velocity v = √ v i v i ∼ ǫ, the Reynolds number of the dual fluid
In addition, we can divide the electromagnetic forces into two parts f
, where to the left hand side of the NS equations. Defining the dynamic shear viscosity and the force density as 35) we can rewrite the incompressible charged NS equations as
In this case, the Reynolds number becomes R e = vL/ν [s] ∝ T H , proportional to the temperature of the fluid.
Holographic charged fluid at cutoff surface
In this section, we will generalize the previous discussions to the case of dual fluid at a finite cutoff surface by using the method which is introduced in section.2. In this case, we only need to substitute
into the generic metric (2.1), and introduce a finite cutoff surface in the EinsteinMaxwell system with a dilaton field and consider the non-relativistic expansions
2)
The equations of motion to be solved are given by (3.2) and (3.4).
Charged fluid in non-relativistic limit
Since we are considering the bulk solution with a finite cutoff in this section, following [31] , we choose the gauge that g rr = 0, g ra ∝ũ a and g (1) ii = 0. The perturbed solution up to order ǫ 2 with a Dirichlet boundary condition at the cutoff surface turns out to be
where the gauge field relates to (3.12) through 
The corresponding scalar perturbation equations give the following solutions
Here two of the integration constants in (4.7) have been determined via the Dirichlet boundary condition ofK(r) andQ(r). The other two integration constants a(r c ), h(r c ), and the notationq
will be determined via choosing the Landau gauge of the stress energy tensor of dual fluid and the induced charge current, whose expressions are given bỹ
The counter term at the cutoff surface is
wherec(r c ) could be an arbitary function of r c . In fact, at the finite cuoff surface, the counter term is not necessary. To match the results at the AdS boundary in the case without the cutoff surafce, we here add the counter term and can takec(r c ) = 1. The stress energy tensor and current in the derivative expansion of the fluid dual to the perturbed solution (4.3) can be written as
whereω(r c ) =ρ(r c ) +p(r c ). The zeroth order parts in derivative expansion are just the stress energy tensor and current of ideal charged fluid. The energy densityρ(r c ), pressurep(r c ), and charge densityñ(r c ) up to order ǫ 2 in the non-relativistic expansion are given bỹ
The higher order terms in derivative expansion (4.11) are the dissipative parts of the stress energy tensor and current, we denote them byT
. Then using the Landau gauge up to ǫ 2 , 13) so thatq(r) = 0, and when r c → ∞ we can recover the results (3.12) at the AdS boundary via transforming them to the coordinates in the boundary.
by moving out the part of dilaton field. By using the constraint equations at the cutoff surface for gravitational field (3.21) and Maxwell field, up to ǫ 3 we can get the forced NS equations and the conservation equation of charge current
where the external force from the dilaton field is
2 V (r c ) .
And the Lorentz force of the charged fluid is 
If we furthermore redefine the following stress energy tensor by moving out the terms associated with the boundary chemical potential In this case, the external forces only come from the dilaton field and the external electromagnetic field. To see the above results more clearly, we write the them up to the desired order. For example, the solutions (4.3) up to the second order ǫ 2 are, case with the Gauss-Bonnet gravity. The isentropic flow and shear viscosity of the dual fluid have been obtained. The radial Einstein equation implies the isentropy of RG flow was first proposed in [14] , and here we have generalized the discussion to the case of the Gauss-Bonnet gravity. The isentropy of RG flow can also be considered as an adiabatic process of the dual fluid. Note that instead of the entropy associated with the holography screen [50, 51] , here the total entropy of the dual fluid is the horizon entropy of the background black brane, hence cutoff independent. We have given a general formula (2.50) on the ratio of shear viscosity over entropy density of the fluid dual to the Gauss-Bonnet gravity. It shows that the ratio is independent of the cutoff surface. Namely it does not run with the cutoff surface. This may explain why the membrane paradigm [52, 53] and the AdS/CFT correspondence [54, 55, 56, 57, 58, 59, 60, 61] give the same result.
The main goal of this paper is to give the expressions of external force, coming from the bulk matters, of holographic fluid in the non-relativistic limit. To this end, we have considered an Einstein-Maxwell-dilaton system with a negative cosmological constant. By using the non-relativistic fluid expansion method, we have solved the system up to the second order of non-relativistic fluid expansion parameter ǫ, and obtained the incompressible forced NS equations of the dual fluid at the AdS boundary and at a finite cutoff surface, respectively. The concrete expressions of external forces from the dilaton field and Maxwell field have been given. Here we have taken an new scaling of the dilaton field ∂ i φ ∼ ǫ 1 in the non-relativistic limit, so that the external force provided by the dilaton field f (φ) i ∼ ǫ 3 , meeting the scaling symmetry of the forced NS equations. Actually, in the derivative expansion of the stress energy tensor, these terms such as ∂ i φ∂ j φ are the second order dissipative terms of the dual fluid [12] , and such terms may appear in the superfluid components [62] . However, in the non-relativistic limit, we move them to the right hand side of the NS equations as external force terms. Note that here we have considered the case of minimal coupling of dilaton field. It would be interesting to extend this study to the case with non-minimal coupling [63, 64, 65] .
It turns out the Reynolds number of dual fluid is proportional to the local temperature of the cutoff surface in the uncharged case. Thus when the cutoff surface approaches to the event horizon of the black brane background, the local temperature and thus the Reynolds number become larger and larger. This indicates that the dual fluid will become unstable when the cutoff surface is close enough to the event horizon. It would be interesting to further study the stationary turbulence by using the forced NS equations derived in this paper.
